Graphene nanoribbons with armchair edges are studied for externally enhanced, but realistic parameter values: enhanced Rashba spin-orbit coupling due to proximity to a transition metal dichalcogenide like WS2, and enhanced Zeeman field due to exchange coupling with a magnetic insulator like EuS under applied magnetic field. The presence of s-wave superconductivity, induced either by proximity or by decoration with alkali metal atoms like Ca or Li, leads to a topological superconducting phase with Majorana end modes. The topological phase is highly sensitive to the application of uniaxial strain, with a transition to the trivial state above a critical strain well below 0.1%. This sensitivity allows for real space manipulation of Majorana fermions by applying nonuniform strain profiles. Similar manipulation is also possible by applying inhomogeneous Zeeman field or chemical potential. 73.22.Pr,74.45.+c,74.78.Na Introduction.-Majorana fermions -particles which are their own anti-particles [1] -have recently been the subject of intense research due to the real prospect of realizing such exotic particles in condensed matter platforms [2, 3] . Signatures of Majorana fermions have already been found in semiconducting nanowires with strong spin-orbit coupling (SOC) in proximity to a superconductor [4] [5] [6] [7] [8] [9] [10] [11] , at the end of atomic iron chains on the surface of a superconductor [12, 13] , and recently in the hybrid system of a quantum anomalous Hall insulator coupled with a superconductor as one-dimensional chiral modes [14] . These condensed matter Majorana fermions occur as zero energy quasiparticles when topological superconductivity sets in the system. These quasiparticles, so-called Majorana zero modes, obey non-Abelian statistics [15, 16] and are seen as promising building blocks to realize decoherence free topological quantum computation [17, 18] . The underlaying condensed matter support of the bounded Majorana zero modes will certainly play a key role, dictating how easily Majorana fermions can be braided, or manipulated in general. Graphene, with its highly tunable properties, is a tempting platform.
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Apart from graphene's unconventional behavior [19] and potential for applications in many different areas (energy [20] , friction [21] , biology [22] , to mention a few), it has not been recognized as an adequate host for Majorana zero modes. A key ingredient in this context is the ability to induce topological superconductivity in the host system [23] [24] [25] [26] [27] . This can be achieved by proximity to a normal superconductor and applied magnetic field if the system has a sizable SOC, as is the case of the semiconducting nanowires used in recent experiments [4] [5] [6] [7] [8] [9] [10] [11] . Graphene has a vanishing SOC [28, 29] , so topological superconductivity seems to be ruled out based on the standard ingredients. 0000000000000000000000  0000000000000000000000  0000000000000000000000 0000000000000000000000  0000000000000000000000  0000000000000000000000  0000000000000000000000  0000000000000000000000 0000000000000000000000  0000000000000000000000  0000000000000000000000  0000000000000000000000  0000000000000000000000 0000000000000000000000  0000000000000000000000  0000000000000000000000  0000000000000000000000  0000000000000000000000 0000000000000000000000  0000000000000000000000  0000000000000000000000  0000000000000000000000  0000000000000000000000 0000000000000000000000  0000000000000000000000  0000000000000000000000 0000000000000000000000  0000000000000000000000  0000000000000000000000  0000000000000000000000  0000000000000000000000 0000000000000000000000  0000000000000000000000  0000000000000000000000 0000000000000000000000   1111111111111111111111  1111111111111111111111  1111111111111111111111  1111111111111111111111 1111111111111111111111  1111111111111111111111  1111111111111111111111  1111111111111111111111  1111111111111111111111 1111111111111111111111  1111111111111111111111  1111111111111111111111  1111111111111111111111  1111111111111111111111  1111111111111111111111 1111111111111111111111  1111111111111111111111  1111111111111111111111  1111111111111111111111 1111111111111111111111  1111111111111111111111  1111111111111111111111  1111111111111111111111  1111111111111111111111 1111111111111111111111  1111111111111111111111  1111111111111111111111 1111111111111111111111  1111111111111111111111  1111111111111111111111  1111111111111111111111  1111111111111111111111 1111111111111111111111  1111111111111111111111  1111111111111111111111 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 years, when an enhancement of SOC by several orders was shown by two different methods: proximity to high SOC transition metal dichalcogenides like WS 2 [30] [31] [32] [33] , and via graphene hydrogenation [34, 35] . Moreover, the other basic ingredient to achieve topological superconductivity in the standard scheme, namely a magnetic field induced Zeeman field, was recently shown to achieve values comparable to those in Rashba nanowires like InAs, despite the much smaller g-factor in graphene. This has been achieved through a strong magnetic exchange coupling which occurs between graphene and the magnetic insulator EuS [36] , clearly showing that graphene's tunability applies to a great variety of parameters.
This state of affairs have changed completely in recent
In the present paper, we show that topological superconductivity can be realized in armchair graphene nanoribbons [ Fig. 1(a) ] with externally enhanced, but realistic parameter values. As a two dimensional membrane embedded in three-dimensional space, graphene can easily develop built-in strain which we also consider here. Indeed, built in strain of order 0.01% − 0.1% has been reported in suspended samples [37, 38] . For supported samples, depending on the substrate, this value can be even larger, as is the case of SiO 2 [39] . Taking into account the effect of strain we obtained the phase diagrams shown in Fig. 1(b)-1(d) in the plane of uniaxial strain versus chemical potential µ, Zeeman field V z , and strain direction θ. The topological phase is robust for realistic values of the parameters, and is also very sensitive to strain, which can be used to tune the transition. This leads to the possibility of real space manipulation of Majorana zero modes by applying non-uniform strain, as is shown in the present work.
Model and methods.-We model p z electrons in graphene with a tight binding Hamiltonian,
where c † r,σ creates an electron with spin σ at site r of the honeycomb lattice, and the three vectors δ connect nearest neighbor atoms as shown in Fig. 1(a) . The first term in Eq. (1) is graphene's minimum tight binding Hamiltonian with t ≈ 3 eV for the nearest neighbor hopping integral [19] . The second term is the Rashba SOC [40] , where we defined the unit vectorδ = δ/a with a for the carbon-carbon distance. The third term is the Zeeman coupling induced by an in-plane magnetic field B = B e α in the direction α = x, y, and the last term is the induced s−wave superconductivity, as in Ref. [41] .
Strain is introduced through changes on the matrix elements of the Hamiltonian connecting nearest neighbor sites. For the hopping parameter the change reads [42, 43] ,
where u is the deformation field, and β = −∂ ln t/∂ ln a ≈ 2. Here we consider uniaxial strain applied along a direction specified by θ [see Fig. 1(a) ], and parametrize the strain tensor u ij = (∂ j u i + ∂ i u j )/2 appearing in Eq. (2) in terms of a single parameter ε [44] . A similar strain induced change can be used for Rashba SOC [45] , but no quantitative changes can be noticed in the phase diagram.
The topological and trivial phases are identified by: the presence of a finite gap, with a gap closing point separating the two phases; the presence or absence of zero energy states in finite length ribbons, where their presence signals a topological state; the topological invariant, which in this case can be chosen to be the Berry phase γ [46] , where γ = π in the topological phase and γ = 0 in the trivial phase [47] [48] [49] . Topological superconducting phase.-We consider the lowest conduction band of an insulating armchair ribbon, as in [41] , where the valley degeneracy is broken by boundary effects. As shown in [41] , and reproduced here for clarity, Rashba SOC lifts spin degeneracy by displacing the parabolic bands horizontally in opposite directions. The psectrum can be seen in Fig. 2(a) for a conservative SOC value λ ≃ 0.6 meV [30] [31] [32] [33] . The Zeeman coupling lifts the remaining spin degeneracy at k = 0, opening up a gap of value 2V z , as shown in Fig. 2(b) . Here we consider the realistic Zeeman field V z ≃ 1.2 meV (the experimental realization is discussed below). Strain has a strong impact in the system, as shown in Fig. 1(b)-1(d) , and this is due primarily to strain induced changes in the band structure of the ribbon. This is shown in Fig. 2(c) for strains ε = 0, 0.01%, 0.03%. In the present case strain shifts the bands up, but depending on the ribbon width they can also be shifted down [50] . The effect on the topological phase is the same.
In the presence of a finite s-wave superconducting pairing ∆ the system becomes gapped, as shown in Fig. 2(d) for V z < ∆. The system goes through a gapless transition point at V z = ∆ [ Fig. 2(e) ] and becomes gapped again for V z > ∆ [ Fig. 2(f) ]. In order to determine whether this is a topological transition we have computed the low energy spectrum for a ribbon of finite length, Fig. 3(a)-3(c) , and the Berry phase γ, Fig. 3(d)-3(f) . As can be seen in Figs. 3(a) and 3(d) , or 3(b) and 3(e), the system is topological as long as V z > ∆. For the realistic values V z ≃ 1.2 meV and ∆ ≃ 1 meV (experimental realization is discussed below), it is clearly shown in Figs. 3(c) and 3(f) that a critical strain ε c exists above which the system becomes topologically trivial. For the parameters used we obtain ε c ≈ 0.018% for a ribbon width of Such a small critical strain ε c indicates a high sensitivity to lattice deformations, which is primarily due to the effect that strain has on the original band structure. As shown in Fig. 2(b) , if we start with the chemical potential µ inside the 2V z gap, as indicated by the horizontal line, there is then a critical strain for which µ ceases to be in the gap, as represented in Fig. 2(c) . The dependence of the critical strain ε c with chemical potential µ, Zeeman field V z , and strain direction θ, is shown as the phase transition line in the phase diagrams of Figs. 1(b) , 1(c), and 1(d), respectively. A high degree of tunability within realistic parameter values is apparent.
Manipulating Majorana zero modes.-The sensitivity to strain found in this work can be used for spatial manipulation of Majorana zero modes. This is demonstrated in Fig. 4 , where the armchair ribbon has been subjected to a non-uniform strain profile given by
where x is the coordinate along the armchair direction, as indicated in Fig. 1(a) . Each panel in Fig. 4 shows the Majorana zero mode wave-function amplitude along the ribbon for different profile heights ε max . If ε max < ε c , the two Majorana zero modes appear localized at the two opposite ends of the ribbon (top panel). At ε max = ε c the left side of the ribbon (x > x 0 ) goes through a topological phase transition, and the gap closes (middle panel). For ε max > ε c the region x > x 0 becomes trivial, and one of the Majorana zero modes localizes at x 0 (bottom panel). The Majorana zero mode has thus been transferred to x 0 through strain manipulation. We used x 0 = 0.6aN x , with N x = 10 4 , and ζ = 0.5a, where a is the lattice spacing in the armchair direction.
The advantage of graphene compared to other platforms is that not only strain but also other parameters - like the chemical potential µ and the Zeeman coupling V z -can be manipulated externally, and non-uniform profiles can also be realized for these cases. In particular, by applying a non-uniform chemical potential profileμ(x) according tõ
the topological region can be confined to a region of length 2l instead of the ribbon's full size. In Fig. 5(a) we show the Majorana zero mode wave-function for different l values. As long as l is large enough to avoid hybridization, it is clear that the two Majorana zero modes localize at the ends of the region of size 2l. We used µ = 0.06 meV and δ ≃ 0.074 meV in Eq. (4), so that in the central region the chemical potential µ =μ + δ is inside the topological gap. A similar effect is observed for a non-uniform Zeeman couplingṼ z (x). This is shown in Fig. 5(b) , where a non-uniform profile given bỹ
was used.
Experimental realization.-In order to realize Majorana zero modes in graphene using the standard scheme, and then manipulate them through strain, a sizable superconducting gap and Zeeman field are required, and also needed is a high enough Rashba SOC. We show here that such requirements are within experimental reach.
Regarding the necessary superconducting state, induced superconductivity has been already demonstrated in graphene [51] . An interesting, tempting alternative is the recently discovered superconducting state obtained by decorating graphene with the alkali metal atoms Ca [52] and Li [53] . Superconductivity has been shown to set in at T c ∼ 6 K, and the measurements suggest a superconducting gap ∆ ∼ 1 meV. Moreover, in Ref. [54] it was shown that superconductivity is even not needed if a driven electric field is applied.
Even though superconductivity and moderate to high magnetic fields are usually not compatible, the 2D nature of graphene assures that only the perpendicular component may weaken the superconducting state. Such perpendicular component B ⊥ of the magnetic field B can (4) and (5), respectively. Parameters: x0 = 0.5aNx, with Nx = 10 4 , and ζ = 0.5a, where a is the lattice spacing in the armchair direction. (c) Device proposed in the present work: graphene armchair nanoribbon sandwiched between high SOC transition metal dichalcogenide WS2 and a thin layer of ferromagnetic insulator EuS, decorated with alkali metal atoms Ca or Li. be made extremely small in graphene, with B ⊥ 50 mT for B = 30 T, as shown in recent experiments [55] . Furthermore, we can take advantage of graphene's tunability and use the recently observed Zeeman field V z enhancement by one order of magnitude [36] , i.e. V z ∼ 1 meV for B 1 T, similar to nanowires with enhanced g-factor like InAs [11] , and fully compatible with the superconducting gap mentioned above. This has been achieved by coupling graphene to the magnetic insulator EuS [36] . The effect has been shown to be operative also on the surface of topological insulators [56] as well as in superconductors [57] . For thin films of EuS the system develops an in-plane easy axis [56] , and the effective Zeeman coupling may then be tuned with an in-plane magnetic field, which is the ideal configuration in the present case.
Finally, the Rashba SOC can be enormously enhanced by proximity to WS 2 or other transition metal dichalcogenides, reaching values λ ∼ 1 meV [30] [31] [32] or even higher [33] , in agreement with theoretical calculations [58, 59] . Putting all pieces together, we propose the device shown in Fig. 5(c) to realize a topological superconducting state in graphene armchair nanoribbons. Since WS 2 and graphene are two-dimensional materials, and given that EuS can be grown in thin films, the effect of small strain may be experimentally investigated using standard tools.
Conclusions.-In the present work we have shown that topological superconductivity can be realized in armchair graphene nanoribbons with externally enhanced parameter values -but still within realistic conditions -using the standard scheme with Rashba SOC, Zeeman field, and s-wave superconductivity. A very high sensitivity to strain has been put forward. A non-uniform strain profile can be used to manipulate the position of the localized zero energy Majorana modes. A spatial variation of the chemical potential or Zeeman field can also be used to manipulate Majorana zero modes. Such nonuniform variation of parameters can in principle be easier to achieve in graphene than in other platforms.
It would be interesting to investigate the impact of strain in two recent proposals for realizing Majorana fermions in graphene where SOC enhancement is not required [41, 60] . In Ref. [41] , a spatially varying magnetic field was shown to give rise to an additional term in the Hamiltonian which is equivalent to SOC, thus mitigating the lack of SOC in graphene. In Ref. [60] , the interaction-induced magnetic ordering of graphene's zero Landau level is shown to give rise to topological superconductivity when the graphene edge is in proximity to a conventional superconductor. No SOC is required in that case. The impact of strain in these two setups may provide an interesting way to manipulate Majorana zero modes.
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